The low-energy behaviors of gapless double-and triple-Weyl fermions caused by the interplay of long-range Coulomb interaction and quenched disorder are studied by performing a renormalization group analysis. It is found that an arbitrarily weak disorder drives the double-Weyl semimetal to undergo a quantum phase transition into a compressible diffusive metal, independent of the disorder type and the Coulomb interaction strength. In contrast, the nature of the ground state of triple-Weyl fermion system relies sensitively on the specific disorder type in the noninteracting limit: The system is turned into a compressible diffusive metal state by an arbitrarily weak random scalar potential or z component of random vector potential but exhibits stable critical behavior when there is only x or y component of random vector potential. In case the triple-Weyl fermions couple to random scalar potential, the system becomes a diffusive metal in the weak interaction regime but remains a semimetal if Coulomb interaction is sufficiently strong. Interplay of Coulomb interaction and x, or y, component of random vector potential leads to a stable infrared fixed point that is likely to be characterized by critical behavior. When Coulomb interaction coexists with the z component of random vector potential, the system flows to the interaction-dominated strong coupling regime, which might drive a Mott insulating transition. It is thus clear that double-and triple-Weyl fermions exhibit distinct low-energy behavior in response to interaction and disorder. The physical explanation of such distinction is discussed in detail. The role played by long-range Coulomb impurity in triple-Weyl semimetal is also considered. The main conclusion is that, Coulomb impurity always drives the system to become a compressible diffusive metal, whereas Coulomb interaction tends to suppress the Coulomb impurity, rendering the robustness of the semimetal phase.
I. INTRODUCTION
Topological semimetals (SMs), including Dirac semimetal (DSM) [1] [2] [3] , Weyl semimetal (WSM) [3] [4] [5] [6] [7] , and nodal line semimetal (NLSM) 3, 8, 9 , have attracted broad research interest among the condensed-matter community. These materials exhibit many intriguing properties, provide ideal platforms for exploring some important physical concepts, and also have promising industrial applications. Specifically, WSM has been theoretically predicted and experimentally observed in the TaAs family [10] [11] [12] [13] . In usual WSMs, the fermion excitations emerge at low energies from pairs of Weyl nodes with opposite monopole charges ±1, and have a linear-in-momentum dispersion [4] [5] [6] . They are known to host symmetry-protected Fermi arc surface states [4] [5] [6] and display chiral anomaly that is related to the presence of negative magnetoresistance 14, 15 . Apart from usual WSMs, there are also multi-WSMs in which the monopole charges of Weyl nodes can be larger than unity . Two known examples are double-and triple-WSMs, where the fermion dispersion is linear in one of the momentum components, but quadratic and cubic in the other two components. Accordingly, the monopole charges of double-and triple-Weyl fermions are ±2 and ±3, respectively.
Differen from ordinary metals that possess a finite Fermi surface, multi-WSMs have only zero-dimensional Fermi points. Accordingly, the density of states (DOS) vanishes at zero energy, i.e. ρ(0) = 0, which renders the robustness of the long-range character of Coulomb interaction. The dynamics of multi-Weyl fermions are distinct from ordinary electrons when they are surrounded by a randomly distributed potential. The impact of Coulomb interaction [44] [45] [46] [47] and disorder [48] [49] [50] [51] on the low-energy behavior of multi-WSMs might be drastically different from normal metals. The purpose of the present paper is to give a comprehensive theoretic analysis of the low-energy behavior of double-and triple-WSMs in the presence of both Coulomb interaction and disorder.
Previous renormalization group (RG) studies 26, 27 showed that the Coulomb interaction in clean doubleWSMs is marginally irrelevant, which results in logarithmic-like corrections for some observable quantities. The RG analysis of Zhang et al. 28 found that the Coulomb interaction is also marginally irrelevant in clean triple-WSMs. In a recent work 29 , we carried out a RG study of the quasiparticle residue Z f and the Landau damping rate after including the energy dependence of dressed Coulomb interaction, and illustrated that the conventional Fermi liquid (FL) description is spoiled in both double-and triple-WSMs in an anomalous manner. In particular, though the Coulomb interaction only leads to a relatively weak Landau damping effect, the residue Z f vanishes in the lowest energy limit, resulting in a new type of non-Fermi liquid (NFL) state. In such a NFL state, the FL theory is violated more weakly than a marginal Fermi liquid (MFL), which has long been re- I: Summary of the possible ground states of double-and triple-WSMs due to the interplay between Coulomb interaction and disorder. Here, α0 is the bare strength parameter for Coulomb interaction. We use ∆00, ∆10, ∆20, and ∆30 to denote the bare disorder parameter for RSP, x-RVP, y-RVP, and z-RVP, respectively. Morever, CDM stands for compressive diffusive metal, SM for semimetal, and SCS for stable critical state.
Double-Wely Semimetal
Triple The disorder effects on non-interacting double-Weyl fermions have been studied by means of several methods, including self-consistent Born approximation (SCBA) 31 , RG approach 33 , and large-scale quantum simulations 43 . It was showed 33, that even an arbitrarily weak disorder is able to drive the double-WSM to enter into a compressible diffusive metal (CDM) phase (see, however, Ref. 42 ), which is characterized by the generation of finite zero-energy disorder scatting rate γ 0 and finite zeroenergy DOS ρ(0). One might regard ρ(0) as an effective order parameter for the CDM phase. Moreover, the electric conductivity is finite at zero temperature in this phase. A naive power counting suggests that short-range disorder is a relevant perturbation in a triple-WSM 33 . However, a detailed RG analysis of disorder effects on triple-Weyl fermions is still lacking.
When both Coulomb interaction and disorder are considered, their interplay might give rise to a variety of intriguing properties 53, 67, [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] . This problem has been extensively studied for over three decades, and plays a vital role in the studies of two-dimensional (2D) metallic systems [74] [75] [76] [77] [78] [79] . It is believed by many researchers that the observed metal-insulator transition in some 2D systems is driven by an intricate interplay of strong Coulomb interaction and disorder scattering [74] [75] [76] [77] . Unfortunately, the progress of this subject is extremely slow, and there is still not an unified framework that treats the interplay of interaction and disorder in a satisfactory way.
Because of the peculiar geometry of Fermi surface of SMs, the interplay of Coulomb interaction and disorder may lead to distinct low-energy behavior comparing to traditional metals 53, 67, [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] . In this paper, we present a systematic RG study of the interplay of Coulomb interaction and quenched disorder, including random scalar potential (RSP) and random vector potential (RVP), in both double-and triple-WSMs. Normally, the Coulomb interaction tends to suppress the low-energy DOS of Dirac/Weyl fermions 1, 2, 47 . In contrast, disorder can usually enhance the fermion DOS 47, [49] [50] [51] . The true lowenergy dynamics of the fermions should be determined by an appropriate treatment of the mutual influence between interaction and disorder 53, 67, [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] [91] . Our RG analysis reveals a remarkable difference between double-and triple-WSMs. In particular, we find that, an arbitrarily weak disorder is able to turn double-WSM into a CDM. It is important to notice that such a transition happens for any type of disordered potential and is independent of the Coulomb interaction strength. In sharp contrast to the double-WSM, the subtle interplay between Coulomb interaction and disorder can give rise to a variety of different ground states and various quantum phase transitions (QPT) in a triple-WSM, which is summarized in Table I . In the non-interacting limit, the system is turned into a CDM phase by an arbitrarily weak RSP or z-component of RVP, dubbed z-RVP hereafter, but exhibits stable critical state when there is only x-RVP or y-RVP. In case the triple-Weyl fermions couple to RSP, the system becomes a CDM in the weak interaction regime, but is turned back to a SM if the Coulomb interaction becomes sufficiently strong. The interplay of Coulomb interaction and x-RVP, or y-RVP, produces a stable fixed point that is likely to be characterized by the emergence of unusual critical behavior. When Coulomb interaction coexists with z-RVP, the system flows to the interaction-dominated strong coupling regime, which might drive a Mott insulating transition. If two or more types of disorder coexist, triple-WSM is always driven to undergo a CDM transition, no matter the Coulomb interaction is included or not, which is similar to double-WSM.
All the above considerations are restricted to shortrange disorder. In various SMs, there might be disorder with long-range correlation, such as Coulomb impurity. The long-range disorder may be more important than short-range disorder in SM systems. We will also apply the RG approach to study the interplay of long-range Coulomb interaction, long-range Coulomb impurity, and short-range RSP in triple-WSM. Our main conclusion is that, the Coulomb impurity can always drive a SM-to-CDM phase transition, whereas the Coulomb interaction tends to suppress the Coulomb impurity, rendering the robustness of the SM phase.
The rest of the paper is structured as follows. We present the effective action in Sec. II, and discuss the RG results in Sec. III. We address several related issues in Sec IV. The results are briefly summarized in Sec. V. The detailed derivations of the RG equations are presented in the Appendices. and η is introduced to parameterize the anisotropy of the Coulomb interaction. The disordered potential is averaged by employing the standard replica trick, with a, b = 1, 2, .., n being the replica indices. At the end of the calculation, the limit n → 0 will be taken. The disorder type is determined by the concrete expression of the Γ j matrix. For Γ 0 = ½, disorder plays the role of a RSP. The matrices Γ 1,2,3 = σ 1,2,3 correspond to the three components of RVP. The effective strength of disorder is represented by ∆ j with j = 0, 1, 2, 3. To analyze the impact of Coulomb interaction and disorder, we need to derive the RG equations for all the model parameters.
III. RENORMALIZATION GROUP RESULTS
In this section, we make a systematic RG analysis. We have carried out analytical calculations by making perturbative expansion in powers of small coupling constants, with details presented in the Appendices, and then derived the coupled RG equations for all the model parameters in the cases of double-and triple-WSMs. For simplicity, here we only write down the RG equations obtained in the case of triple-WSM:
In the derivation of these equations, we have made the re-definition . We use ℓ to represent the varying length scale and Z f to represent the quasiparticle residue. The influence of the Coulomb interaction is encoded in the functions C . By taking α = 0, we can easily obtain the RG equations for the case in which fermions couple solely to disorder.
A. Non-interacting limit
As the first step, we consider the non-interacting limit by taking α = 0, and analyze the properties of doubleand triple-WSMs induced by disorder.
For double-WSM, there is an interesting correlation among RSP, x-RVP, and y-RVP: if any of them exists solely with a finite strength, the other two can be dynamically generated and all of the three disorder parameters flow eventually to the strong coupling regime. In the spirit of RG theory, the divergence of the strength of some interaction in the lowest energy limit usually indicates that this interaction is relevant and can lead to an instability of the system 44 . The divergence of disorder parameter is often interpreted as the transition of the system into a CDM phase that is characterized by the generation of a finite zero-energy DOS 33, . Different from the other types of random potential, z-RVP is always fixed at zero. However, in case the system contains only z-RVP with a finite initial value, the other three types of disorder would be dynamically generated, and all of the four disorder parameters flow to the strong coupling regime. These results indicate that (∆ *
is an unstable infrared fixed point, and that an arbitrarily weak disorder is able to drive the system to become a CDM, which are well consistent with Bera et al 33 . We now discuss the case of triple-WSM. If RSP exists by itself in the triple-WSM, the RG equation for ∆ 0 is
Its solution is given by
Obviously, there is only one infrared fixed point ∆ * 0 = 0, which is unstable, implying that any weak RSP induces a QPT from triple-WSM to CDM.
If x-RVP exists alone, the RG equation satisfies
which has the following solution 
We find that ∆ * 1 = 4 23 is a stable infrared fixed point. At low energies, the quasiparticle residue behaves as
which vanishes in the lowest energy limit. The quasiparticle residue is connected to the real part of retarded self-energy ReΣ R (ω) by the relation
Using the transformation ω = ω 0 e −ℓ , where ω 0 is the initial value of energy, we can obtain
Making use of the Kramers-Kronig relation, the imaginary part of retarded self-energy takes the form
It is clear that x-RVP induces unusual critical behavior at such a stable fixed point. The parameters v and B display the low-energy asymptotic behavior, v ∼ e 
Cv(T ) ∼ T 30 23 which in turn leads to power-law corrections to DOS and specific heat. Formally, the DOS and specific heat can be written as
Here, we would like to remark on the interpretation of the above result. The terminology of FL or NFL is widely used in the literature to describe an interacting fermion system. If the fermions are subject to an inelastic interaction, which could be caused by the Coulomb potential, gauge fields, or the quantum fluctuation of certain order parameter 46, [92] [93] [94] [95] [96] [97] [98] [99] , the resultant Landau damping rate γ(ω) ∝ ImΣ R (ω) must vanish as ω → 0, required by the Pauli's exclusion rule. The influence of static disorder relies sensitively on the running property of the disorder strength parameter. In ordinary metals and certain SM materials, including triple-WSM, RSP is usually a relevant perturbation and thus generates a disorder scattering rate γ(ω), which approaches a finite constant γ 0 at ω = 0. The fermion system with a nonzero γ 0 is normally identified as a diffusive metal. In distinction to RSP, x-RVP is a marginal perturbation in triple-WSM, and it induces a stable infrared fixed point. At this fixed point, the fermion field operator acquires a finite anomalous dimension, the residue Z f vanishes as ω → 0, and both DOS and specific heat display power-law behavior. All these characteristics resemble those of a typical NFL induced by inelastic interactions. We notice that such kind of disorder-induced state might be realized in a variety of SM materials. For instance, it could be produced in 2D Dirac fermion systems by RVP [100] [101] [102] [103] [104] [105] [106] or random mass with long-range correlation 107 . A 3D DSM/WSM that is close to SM-CDM QCP may be driven by RSP to flow to such a state, which was recently identified as a NFL state 65, 69, 70, 72 . The stable fixed point of triple-WSM induced by the x-RVP exhibit similar behavior to the NFLs. In a loose sense, this state could be called a NFL 65, 69, 70, 72 . However, we should remember that, strictly speaking, the coupling between fermions and static disorder x-RVP is rather different from inelastic scattering. To reflect this difference, it might be more appropriate to use a different terminology. Here, we would consider the NFL-like behavior characterized by Eq. (26) and Eqs. (28)- (31) as stable critical behavior.
When y-RVP exists alone in the system, there is also a stable infrared fixed point, at which the quantum critical behavior is analogous to that caused by x-RVP. Thus, we will not further discuss the physical effects of y-RVP.
If the system contains only z-RVP, the RG equation for its strength parameter is given by
The corresponding solution has the form
It is clear that ∆ 3 flows to infinity at some finite energy scale if ∆ 30 takes any finite value. Therefore, the z-RVP is similar to RSP, and an arbitrarily weak z-RVP is able to drive a transition to CDM phase. The above results inform us that the disorder effects on double-and triple-WSMs are very different: disorder always drives a CDM state of double-WSM, but can induce either CDM state or stable critical state, depending on the specific type of disorder. To better understand the difference, we list the asymptotic behavior of DOS and specific heat in different phases of double-and tripleWSMs in Tables II and III, 
B. Interplay between interaction and disorder
We now consider the influence of the interplay between Coulomb interaction and disorder.
For double-WSM, we present the flow of ∆ 0 with ∆ 00 = 0.05 and ∆ 10 = ∆ 20 = ∆ 30 = 0 in Fig. 1(a) . In the presence of Coulomb interaction, ∆ 0 first decreases with increasing ℓ, but then starts to increase once ℓ exceeds certain threshold. As ℓ continues to grow, ∆ 0 finally flows to strong coupling regime at some finite energy scale. In Fig. 1(b) and Fig. 1(c) , we show the curves of ∆ 0 obtained by assuming that the system contains, apart from Coulomb interaction, only x-RVP and only z-RVP, with initial values ∆ 10 = 0.05 and ∆ 30 = 0.05, respectively. An interesting result is that ∆ 0 is always dynamically generated and flows to strong coupling at sufficiently large ℓ.
According to Figs. 1(a)-(c), irrespective of the initial value of Coulomb interaction strength, ∆ 0 always flows to strong coupling if any type of disorder has a finite strength. It is found that α also goes to the strong coupling regime, which is not depicted in Fig. 1 , but the ratio α/∆ 0 → 0 in any case, as clearly shown in Fig. 1(d) . This indicates that disorder is always more important than Coulomb interaction, and the low-energy properties of the system are mainly determined by the disorder, rather than by the Coulomb interaction. It was also found that RSP dominates over any component of RVP. An immediate conclusion is that double-WSM is always in the CDM phase, no matter the Coulomb interaction is incorporated or not. This is similar to the case of the 3D quadratical SM, which is found by Nandkishore et al. 90 to be always in the CDM phase when Coulomb interaction and disorder are simultaneously present.
For triple-WSM, we show in Figs both RSP and Coulomb interaction. Fig. 2 (d) presents the flow diagram of the two parameters ∆ 0 and α. We find that, for weak Coulomb interaction, ∆ 0 and α still flow to strong couplings at some finite scale, but the ratio α/∆ 0 → 0, implying the dominance of RSP at low energies. However, if α 0 is greater than a critical value, whose precise value is determined by ∆ 00 , the parameters ∆ 0 , α, and also ∆ 0 /α flow to zero at lowest energy limit. Apparently, the triple-WSM recovers a SM phase with vanishing ρ(0) when the initial value of Coulomb interaction becomes sufficiently strong. In short, RSP is much more important than the weak Coulomb interaction, driving the system to become CDM, but the strong Coulomb interaction plays an overwhelming role than RSP and guarantees the stability of the SM phase. We notice that such behavior is very similar to that of 2D DSM caused by the interplay between the RSP and Coulomb interaction 81, 82, 86 .
The phase diagram of triple-WSM in the plane of ∆ 00 and α 0 is shown in Fig. 3 . Obviously, there is a critical line, at which a QPT takes place between the SM and CDM phases. In the Figs. 3(a)-(d), ζ 0 is taken 0.1, 0.5, 1, and 2 respectively. We can find that the change of ζ 0 does not change the qualitative characteristic of the phase diagram, but quantitatively modify the critical line between SM and CDM phase. For ordinary WSMs, Goswami et al. 53 showed that there is also an analogous critical line between the SM and CDM phases in the plane spanned by the initial strength parameters of Coulomb interaction and RSP. However, the crossover point of the critical line and axes is (0, 0) for triple-WSM, but (∆ We then consider the mutual influence of x-RVP and Coulomb interaction. According to Fig. 4 , ∆ 1 and α always flow to a stable infrared fixed point (∆ * 1n , α * n ). This stable fixed point is possibly characterized by the emergence of unusual critical behavior, which is physically distinct from both SM and CDM states. We emphasize that the existence and property of such a fixed point needs to be further explored, because ∆ * 1n is only slightly smaller than unity whereas α * n ≈ 3. At such a fixed point, the validity of perturbative RG calculations is actually questionable. We expect that other nonpertubative method, such as functional RG (fRG) [108] [109] [110] [111] or Monte Carlo simulation [112] [113] [114] , could be employed to further study this problem. When there is an interplay of Coulomb interaction and y-RVP, the low-energy properties are very similar to the case of x-RVP, and thus will not be further discussed.
We finally consider the interplay of Coulomb interaction and z-RVP. The RG solutions for parameters ∆ 3 , α, and α/∆ 3 are depicted in Figs. 5(a)-(c). The schematic flowing diagram in the ∆ 3 −α plane is plotted in Fig. 5(d) . According to these results, we find that ∆ 3 and α both flow to the strong coupling regime, where α dominates over ∆ 3 . Therefore, the Coulomb interaction plays a more important role than z-RVP at low energies. A possible interpretation of such behavior is that the system becomes an interaction-dominated Mott insulator. This is an important issue that deserves further theoretical investigation.
For triple-WSM, if two types of disorder are initially considered, other types of disorder are always generated, and all the disorder parameters flow to infinity at finite energy scale. The running behavior of ∆ 0 by considering the coexistence of two types of disorder is presented in Fig. 6 , which clearly shows that ∆ 0 always flows to the strong coupling regime. The strength of Coulomb inter- action α also flows to infinity at the same energy scale. However, the ratios ∆ 1 /∆ 0 , ∆ 2 /∆ 0 , ∆ 3 /∆ 0 and α/∆ 0 all decrease down to zero. From Fig. 7 , obtained under the same initial conditions as Fig. 6 , we observe that both ∆ 1 /∆ 0 or ∆ 3 /∆ 0 vanish at finite ℓ. Therefore, the low-energy physics is dominated by RSP, and the system is inevitably turned into the CDM phase. This implies that triple-WSM always becomes a CDM if two or more types of disorder exist simultaneously, which is similar to double-WSM. It is interesting that similar phenomena occur in 2D DSM 49, 103, 104, 106 , where RSP, RVP, and random mass can induce CDM transition, stable critical state, and logarithmic-like corrections to observable quantities, respectively. If any two types of disorder coexist in 2D DSM, the system always undergoes a CDM transition.
IV. FURTHER ANALYSIS OF RG RESULTS
In this section, we present a further analysis of the RG results obtained and discussed in the last section.
A. Difference between double-and triple-WSMs
An important indication of the analysis presented in Section III is that double-and triple-Weyl fermions manifest very different low-energy behavior in response to static short-range disorder. In the following, we explain the physical origin of such marked difference, and also compare with the usual WSM.
The free propagators for the usual, double-, and tripleWeyl fermions are given by 
,
For usual WSM, the fermion propagator satisfies the relation
It is easy to verify that the fermion propagator in double-WSM does not satisfy this relation, i.e.,
For triple-WSM, one finds that
which shares the same property as usual WSM.
The diagrams for one-loop corrections to fermiondisorder vertex are given by Fig. 17 in the Appendix E. Amongst these diagrams, the sum of (b) and (c) are
In the case of usual WSM with Γ i = Γ j , the constraint of Eq. (34) ensures that the total contribution from these two Feynman diagrams vanishes, namely
For double-WSM with Γ i = Γ j , we know from Eq. (35) that the total contribution
which differs from usual WSM. More concretely, we have
The triple-WSM is very similar to the usual WSM, which means that, in the case Γ i = Γ j , the total contribution of Figs. 17(b) and (c) satisfies
as a direct results of Eq. (36) . The close analogy between usual and triple-WSMs, reflected in the constraints given by Eqs. (38) and (44), leads to common properties shared by these two systems. For instance, one type of disorder can exist individually in usual and triple-WSMs. However, this is not possible in a double-WSM. Due to the non-zero contributions shown in Eqs. (40)- (43), one type of disorder cannot exist individually because it dynamically generates other types of disorder 33 . We have pointed out such special property of double-WSM in Section III. From the above analysis, we can now conclude that the specific disorder scattering processes represented by Figs. 17(b) and (c) are suppressed in both the usual and triple-WSMs, where the Hamiltonian H(k) becomes −H(k) under the transformation k → −k, but make non-trivial contributions in the case of double-WSM.
While the disorder effects on the usual and tripleWSMs are similar in some aspects, they are definitely not identical. In a usual WSM containing only one component of RVP, Sbierski et al. 71 showed that the disorder strength parameter satisfies the equation
where i = 1, 2, or 3, and C is a positive constant. For the triple-WSM with only x-or y-component of RVP, we have showed in Sec. III that the RG equation is
where i = 1 or 2. The second terms of the right hand sides of Eq. (45) For double-WSM, the situation is in sharp contrast to the usual and triple-WSMs. As demonstrated in the last section, the double-WSM is always driven by x-RVP (or y-RVP) to enter into a CDM phase. This result should be attributed to Eq. (35).
B. Stability of the infrared fixed point of triple-WSM
In Section III, we have found a stable infrared fixed point in our one-loop RG analysis of the triple-WSM containing only the x-or y-component of RVP. A natural question arises as whether such a fixed point survives the higher order corrections. To address this issue, we now discuss whether the one-loop results are still valid after including two-loop corrections.
It is useful to first briefly review the recent progress of disorder effects in 3D DSM/WSM. For 3D DSM and WSM, one-loop RG studies 53, [56] [57] [58] revealed that weak RSP is irrelevant, but becomes relevant if the RSP strength is beyond a critical value, which then drives a SM-CDM transition. To the one-loop order, the dynamical critical exponent at quantum critical point (QCP) from SM to CDM is z = 3 2 , and the correlation length exponent is ν = 1 53,56-58 . Two-loop order corrections were also calculated by various approaches, including replica method 56, 61 , supersymmetry technique 62 , correspondence with Gross-Neveu model 61 , and correspondence with Gross-Neveu-Yukawa model 63 . These studies confirmed that there is still a quantum phase transition (QPT) from SM to CDM, which implies that the conclusion obtained by one-loop RG analysis is qualitatively robust against higher order corrections. Quantitatively, the critical disorder strength, dynamical critical exponent z, and correlation length exponent ν are more or less modified after including two-loop corrections. Syzranov et al. 62 found z ≈ 1.4 and ν ≈ 0.67 after making two-loop calculations. Roy and Das Sarma 61 also reported that ν ≈ 0.67 up to two-loop order. Louvet et al. 63 got a nearly identical value ν ≈ 0.65 − 0.67 in their two-loop calculations. The same problem has also been investigated by using the numerical simulation method 33, 54, 55, 60, 64, 65, 69, 72 , where it is found that a SM-CDM transition always occurs, providing further support to the conclusion reached by the one-loop RG analysis. Moreover, some numerical studies 66, 68, 73 suggested that the rare region effect can induce exponentially small zero-energy DOS ρ(0) in the case of weak disorder, which broadens the QCP to a quantum critical region at finite energy-scale. Actually, the dynamical critical exponent z obtained by most of the existing numerical studies 33 In a recent work, Sbierski et al. 71 studied the impact of RVP on 3D WSM by making a one-loop RG analysis along with numerical simulation. Their one-loop RG result is that 3D WSM is always in the SM phase if the system contains only one component of RVP, and their numerical simulations found that 3D WSM stays in the SM phase even if RVP becomes very strong, which is well consistent with the one-loop RG result.
In the case of triple-WSM, the strong anisotropy in the fermion dispersion makes it very difficult to carry out an analytical calculation of two-loop corrections to the RG equations. We would like to leave this for future study. To estimate the possible impact of two-loop contributions on the one-loop conclusion, we now present a generic analysis. After including two-loop corrections, the RG equation could be formally written as
where i = 1 or i = 2. The first and second terms on the right hand side of Eq. (47) represent the tree-level and one-loop contributions, respectively, whereas the third term represents the two-loop contribution, where C 2LP is a constant. We assume that C 2LP can take all possible values, and examine under what circumstances the stable fixed point obtained in our one-loop analysis is robust. There are four different cases. If C 2LP < 0, there is always a stable fixed point . We assume C2LP = −2, 2.2, 3 in (a), (b), and (d), respectively. The red and green points represent unstable and stable fixed point, respectively. The orange point in (c) is stable from the left side, but is unstable from the right side.
which is shown in Fig. 8 
and also a finite unstable fixed point 
When C 2LP = 529 192 , the above two fixed points merge to one single fixed point
which is displayed in Fig. 8(c) .
If the initial disorder strength ∆ i0 is below this critical value, i.e., 0 < ∆ i0 < ∆ * i , it always flows to this fixed point in the lowest energy limit. However, if ∆ i0 > ∆ * i , the disorder strength parameter flows away, which turns the triple-WSM into a CDM. We finally consider the case of C 2LP > 529 192 . As shown in Fig. 8(d) , there is only one unstable fixed point ∆ * i = 0. In this case, the stable infrared fixed point obtained in the one-loop RG analysis is eliminated by the two-loop corrections, and even arbitrarity weak disorder drives a CDM transition. The flows of disorder strength in triple-WSM that contains only one component of RVP is presented in Fig. 9 for four representative values of C 2LP . From Figs. 8 and 9 , we can see that there is always a stable infrared fixed point for C 2LP < 529 192 . The concrete value of C 2LP will be calculated in the future. We expect that numerical techniques, such as kernel polynomial method 33, 54, 64, 65, 71 and Lanczos method 72 would be employed to determine whether the stable infrared fixed point revealed in our one-loop RG calculation survives higher order corrections. 
C. Influence of Coulomb impurity on triple-WSM
Apart from short-range disorder, there might be disorder with long-range correlation in various SMs 50, 107, [115] [116] [117] [118] [119] . The most frequently encountered is Coulomb impurity, which is defined in a similar way to that of RSP, but is spatially long-ranged. Generically, the role played by long-range disorder is more important than short-range disorder in SMs. For 3D DSM/WSM, the physical effects of short-range disorder and longrange disorder turn out to be quite different. Weak short-range RSP is irrelevant and becomes relevant if its strength is large enough. Recent RG analysis of Louvet et al. 117 found that an arbitrarily weak long-range disorder drives the 3D WSM to become a CDM if such disorder decays more slowly than 1/r 2 for large r. It is thus clear that arbitrarily weak Coulomb impurity, which decays as 1/r, can lead to a SM-CDM transition. Similar conclusion was found to be applicable to 3D DSM 118, 119 . Since the present work is focused on the interplay between the long-range Coulomb interaction and shortrange disorder, we will not present a thorough analysis of the physical effects of long-range disorder. Here, we will only consider a special case, namely the influence of Coulomb impurity on the low-energy properties of triple-WSM. The extension to double-WSM and other types of long-range disorder would be straightforward.
Using the replica method, one can write down the following action for triple-Weyl fermions embedded in the potential generated by Coulomb impurity where ∆ L is introduced to quantify the strength of Coulomb impurity, and g 2 = 4πe 2 /ǫ and η are defined in the same way as in Sec. II.
To make our analysis more generic, we will consider the interplay of Coulomb interaction, Coulomb impurity, and short-range RSP. The coupled RG equations are
The parameter ∆ L has been redefined as follows:
The concrete expressions for C Li ≡ C Li (ζ t ), where i = 1, 2, 3 and
, are presented in Appendix G. If there is only Coulomb impurity, the dependence of ∆ L on ℓ is displayed in Fig. 10(a) . The parameter ∆ L always flows to the strong coupling regime, thus the Coulomb impurity always leads to a CDM phase. When both Coulomb impurity and long-range Coulomb interaction are considered, the parameter ∆ L exhibits distinct behavior. As can be seen from Figs. 10(b)-(d) , ∆ L flows to zero rapidly at low energies. Thus, the SM phase is restored due to long-range Coulomb interaction, and the Coulomb impurity becomes relatively unimportant. This behavior is presumably caused by the special anisotropic screening effect induced by Coulomb interaction.
We then neglect the Coulomb interaction and analyze the interplay between Coulomb impurity and short-range RSP. The RG equations for ∆ 0 and ∆ L are
In this case, the RG flows of ∆ 0 , ∆ L , and ∆ 0 /∆ L are presented in Figs. 11(a) -(c) respectively. We observe that ∆ 0 , ∆ L , and ∆ 0 /∆ L all formally diverge at some finite energy scale. Thus, RSP dominates over Coulomb impurity. The parameter ζ t also flows to infinity simultaneously at finite energy scale, as shown in Fig. 10(d) .
To understand these results, we now analyze the running behavior of the ratio
The first term in the parenthesis, namely 2 3 , tells us that Coulomb impurity dominates over RSP at the tree-level. The second term is negative, and formally diverges as ∆ 0 flows to infinity. The contribution 2 3 (C L2 −C L1 ) decreases with growing ζ t . It is easy to verify that the summation of all the terms in the parenthesis goes to negative infinity, which implies that the ratio ∆ L /∆ 0 eventually flows to zero. This explains why RSP becomes more important than the Coulomb impurity at low energies. The apparently anisotropic dispersion of triple-Weyl fermions is likely responsible for this property.
For triple-WSM that contains RSP, Coulomb impurity, and Coulomb interaction, the ℓ-dependence of ∆ 0 is shown in Fig. 12 . We observe that, for different initial conditions, ∆ 0 either vanishes or flows to infinity, which indicates that triple-WSM could be in the SM or CDM phase. Comparing the results presented in Fig. 12 , one finds that increasing the strength of Coulomb impurity promotes CDM transition. If the strength parameters for RSP and Coulomb impurity are fixed, the SM phase can be restored by strong Coulomb interaction.
We now consider the impact of Coulomb impurity in the usual WSM, which will be compared with the case of triple-WSM. In the presence of Coulomb interaction, Coulomb impurity, and RSP, the RG equations for the corresponding parameters are given by 
where we have made the replacements:
We present in in Fig. 13 (a) the results obtained when there are Coulomb impurity and Coulomb interaction. We find that ∆ L exhibits runaway behavior, and that α also flows to strong coupling. However, the ratio α/∆ L vanishes rapidly with growing ℓ, as clearly shown in Fig. 13(b) . Therefore, the usual WSM undergoes a CDM phase transition driven by Coulomb impurity.
We then assume that Coulomb impurity and RSP exist simultaneously, but the long-range Coulomb interaction is neglected. The RG equations for ∆ 0 and ∆ L are
As shown in Fig. 13(c) , ∆ L always approaches to infinity at some finite energy scale. ∆ 0 also flows to strong coupling at the same energy scale. As depicted in Fig. 13(d 
It is clear that there is only tree-level contribution. The one-loop order corrections do not alter the behavior of ∆ L /∆ 0 . If Coulomb impurity, RSP, and Coulomb interaction are all included, usual WSM is always turned into the CDM phase. The above analysis show that the triple-WSM and usual WSM exhibit quite different behavior in response to the interplay of Coulomb impurity, RSP, and Coulomb interaction, which should be attributed to the difference in their fermion dispersions.
V. SUMMARY
In summary, we have systematically studied the lowenergy behavior of double-and triple-WSMs induced by the interplay between long-range Coulomb interaction and disorder. After performing a detailed RG analysis, we have showed that such an interplay has distinct influences on the dynamics of double-and triple-Weyl fermions. The double-WSM is always in a CDM phase if the system contains any type of disorder, such as RSP or RVP, and this feature is not altered by the addition of Coulomb interaction. However, the low-energy behavior of triple-Weyl fermions depend crucially on the type and strength of disorder. In the non-interacting limit, either RSP or z-RVP leads to a CDM transition, and x-RVP or y-RVP results in a stable quantum critical state. The interplay of RSP and weak Coulomb interaction turns the triple-WSM into a CDM phase, but the interplay of RSP and strong Coulomb interaction renders the stability of SM state. When the triple-WSM contains both x-RVP, or y-RVP, and Coulomb interaction, the system always flows to a stable infrared fixed point. The stability of this fixed point against two-loop corrections is also discussed. However, this problem is only partly answered, and more elaborate RG calculations are required to completely solve the problem. Finally, the interplay of z-RVP and Coulomb interaction may drive a QPT between SM and Mott insulator. We have demonstrated in great detail that the marked difference between the low-energy properties of double-and triple-WSMs is owing to the distinct response of the Hamiltonian under the transformation k → −k.
We have also considered the impact of long-range Coulomb impurity on the low-energy behavior of triple-WSM. After making a RG analysis of the complicated interplay of Coulomb impurity, Coulomb interaction, and RSP, we find that, while the Coulomb impurity always drives the system to become CDM, the Coulomb interaction can effectively suppress the role played by Coulomb impurity and protect the SM state.
The diverse phases and the transitions between them predicted by our RG analysis could be verified by performing angle-resolved photoemission spectroscopy (ARPES) 7, 120 and transport measurements. Recent firstprinciple calculations suggested that HgCr 2 Se 4 17 and SrSi 2 21 are two promising candidates of the double-WSM. In addition, special SM systems, in which the fermions exhibit a linear dependence on one momentum component and cubic dependence on other two components, were predicted to be realizable in Rb(MoTe) 3 and Tl(MoTe) 3 23 . It is also possible to prepare the multi-WSM materials by microwave experiments 24, 25 . We expect that our theoretical predictions would be verified in the aforementioned materials in the future.
where
propagator of bosonic field φ reads
(A3)
FIG. 14: Self-energy of bosonic field. The solid line represents the free fermion propagator, and the wavy line represents the boson propagator that is equivalent to the Coulomb interaction function.
Appendix B: Boson self-energy
As shown in Fig. 14 , to the leading order of perturbative expansion, the self-energy of bosonic field φ is given by
(B1)
Double-Weyl fermions
Substituting Eq. (A1) into Eq. (B1), and then taking the limit Ω = 0, we obtain
Expanding q i up to the quadratical order leads us to
To proceed, we introduce two new variables
and perform integrations over E and δ within the ranges bΛ < E < Λ with b = e −ℓ and 0 < δ < ∞, which leads to
2. Triple-Weyl fermions Substituting Eq. (A2) into (B1) and taking the limit Ω = 0, we find that the boson self-energy has the form
Expanding to the quadratical order of q i , we get
Utilizing the transformations
and carrying out the integrations of E and δ, we obtain
. (B11)
Appendix C: Fermion self-energy corrections
We now compute the fermion self-energy corrections caused by Coulomb interaction and disorder.
Fermion self-energy due to Coulomb interaction
As displayed in Fig. 15(a) , the fermion self-energy caused by Coulomb interaction is 
The expressions of 
The expressions of C 2. Fermion self-energy due to disorder scattering According to Fig. 15(b) , the self-energy of fermions leaded by the disorder scattering takes the form 
b. Triple-Weyl fermions Substituting Eq. (A2) into Eq. (C12), we obtain
Appendix D: Corrections to fermion-boson coupling
The Feynmann diagram Fig. 16(a) leads the correction to the fermion-boson coupling
The correction from Fig. 16(b) takes the form 
Double-Weyl fermions
Substituting Eq. (A1) into Eqs. (D1) and (D2), we obtain the following total corrections: ℓ.
Appendix E: Corrections to fermion-disorder vertex
The correction to fermion-disorder vertex, shown by the Feynman diagrams in Fig. 17(a) , is 
where V d,t(2)+(3) ij
There are ten choices for the values of i and j. The correction to fermion-disorder vertices due to Coulomb interaction, as displayed in Fig. 17(d) , can be written as (E5)
We substitute Eqs. (A1) and (A3) into Eqs. (E1)-(E5), and derive the fermion-disorder vertex corrections: 
Making use of the transformations (F5)-(F9) and (F22) for the double-WSM, and (F12)-(F16) and (F23) for the triple-WSM, we find that the coupling parameter should transform as follows:
We then write the action of fermion-boson coupling in the form
which recovers the form of the bare action.
Including the leading order corrections to the fermiondisorder vertex leads to the following action term
By employing the re-scaling transformations (F5)-(F9) for the double-WSM and (F12)-(F16) for the triple-WSM, we obtain ℓ dω
which apply to the double-and triple-WSMs, respectively. We define for the triple-WSM, and finally have
(F38)
According to Eqs. (F9)-(F11), (F26), (F31), (F36), we can get the RG equations for ∆ i and other parameters:
